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Question

Q1. State whether the following sequence converges.
If no, just answer "the sequence is not convergent” without giving any justification.
If yes, find the limit.

P+ 70 +8n—1

a) a, = ,

@) a, 2n3 —6n2 +5
nt+5n+2

b) a, = L1+ 2

®) a, n3 + 2n?

© a,= \3/n+ — %/Z

(d) a, = sin ”7”
Q2. Given that

. 1 . .1
lim n» =1, lim nsin— =1,
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evaluate

. 2tn
lim n » sin—.
n
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Q3. Leta; =5,a,,; =4/1+a,foranyn eN.

First, show that a,, > 0 for any n € N and then assume a, converges, find its limit.
4 Leta, = - +1,i
Q4. etan—s—n+ ,is a,

(a) monotone?
(b) bounded above?
(¢) bounded below?

Q5. Using the Sandwich theorem to evaluate the following limit
lim VnZ+1—cosvVn?+1
n? + n? +

"y 1+ cosV 1

Challenging Question Suppose a, = 13—0, a; = ai_l —2forany k € N.

(a) Show that a;, = 3% + 372" forall k € Nand k = 0.

n 32n+l _ 3_2n+1
(b) Show that [ ] a, = 55 forallneNandn=0.
k=0 -
n 2n+1 _2n+1
(¢) Show that H(ak -1)= 3 +3 +1 foralln e Nand n = 0.
=0 3+3°1+1

n
(@ Compute lim [ <1 - i) .



Answer

Al(a).

A1(b).

Al(c).

lim

n—o0

A1(d).

A2.

A3.

7,8 1
4T +8n—1 . Mot 14040-0 1
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Since the degree of the numerator = 4 > 3 = the degree of denominator,

the sequence is not convergent.

Using the formula (a — b)* = (a — b)(a® + ab + b*), we have
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(\3/n+ - {/7;) = lim nts—n = lim ik -
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0, ifn=2,4,6,..
Note that a,, =41, ifn=1,5,9,... ,even when n is large, a, still oscillate on —1,0, 1,
-1, ifn=3,7,11,...

the difference of a,,, a,, (for any n, m are very large) is NOT small,

so the sequence is not convergent.

. 2] . 1 . 1 . .1
lim n» sin— = { lim n» lim nn» lim nsin = | = (1)(1)(1) = 1.
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Let P(n) be te statement that a,, > 0.
Bya; =5> 0, P(1) is true.
Assume P(k) is true for some k € N, i.e. a; > 0,

Then 1+ a; > 0,s0a;,,; =+/1+a;, > 0,s0 P(k + 1) also true.
By first principal of mathematical induction, P(n) is true for any n € N.

ie. a, > 0forany n € N.

Assume a,, converge, let a = lim g, then we have
n—oo

lim a,, | = nll)rglo Vi+a,

n—oo
a=V1+a
@=1+a
li\/g
a= .
2

Since a,, > 0 for any n € N, we have a > 0,
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the value that a = < 0 need to be rejected.

1+4/5
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Hence, lim a, =
n—oo



Ad(a). Note that

1 <3,
3" < 3n+l
1 1
—_— > _—
3n 3n+1
1 1
an=3n+1 3thl+l=an+1,

is true for any n € N, so a,, is decreasing.
A4(b). Note that 1 > = for anyn € N,s02 > a, forany n € N.
Then a,, is bounded above with an upper bound 2.
A4(c). Note that 317 > (O foranyn € N,soa, > 1foranyn € N.

Then a,, is bounded below with an lower bound 1.

AS. Note that

Ve +l-1 _ V2 +1—cos Vn?+1 - V2 +1+1
Vi2+1+1 Vi2+l+cosVi2+1 Vnt+1-1

true for any n € N. Also note that

,/ C_1
n2+1—1 n 0

n

Tz~
n2+1+1 1+ +_ \/1+0+0

lim —

n—oo

Vn24+1+1

Vva2+1-1

Vr2+1—cosvVn2+1

By Sandwich Theorem, lim exists and equal to 1.

7O NR2 + 1 +cosVn2+1

Similarly, we can have lim =1

n—0oo

Challenging Question (a). Let P(k) be the statement that a, = 32° + 372"

Note that 13—0 =ay =32 + 372, 50 P(0) is true.
Assume P(!) is true for some / € N or / = 0, then

2l+1 2l+1

2
a = =2= (¥ +37) —2=322424322 223" 45
Hence, P(/ + 1) also true.
By first principal of mathematical induction, P(k) is true for any k € N and k = 0.

ie. qp = 32 4372 for any k € Nand k = 0.

n on+l _ _on+l
Challenging Question (b). Let O(n) be the statement that H a, = %
k=0 -
. 10 32-32
Note that H Y=y =3 =T so Q(0) is true.
=0 3-3

Assume Q(m) is true for some m € N or m = 0, then (Using (a + b)(a — b) = a®> — b?)
m+1

H Y- <32m+1 N 3_2m+1> 32m-¢—l _ 3_2m+1 _ 32m+2 _ 3_2m+2
k 3 -3 3-3-1

k=0




Hence, Q(m + 1) also true.
By first principal of mathematical induction, Q(n) is true for any n € N and k = 0.
n n+1 n+1
. 33 —372
l.e.”a = —————foranyneNandn =0.
k=0 ‘ 3-3-1 g

32;’1+1 + 3_2n+l + 1

n
Challenging Question (c). Let R(n) be the statement that H(ak -1 =

20 3437 1+1
Note that ﬂ(a D=(a—-1)= 7 —32 +37 so R(1) is true
k— =@ -=7= . ’ :
=0 3 3+4371+1

Assume R(m) is true for some m € N or m = 0, then (Using (a + b)(a — b) = a* — b?)
n+1 om+1 _pm+l

[J@-n= (32"’“ +372 1) <3 7 1)

2 343141
<32m+l + 3_2m+l )2 _ 1

343141
B 32m+2 + 3_2m+2 + 1
3437141

Hence, R(m + 1) also true.

By first principal of mathematical induction, R(n) is true for any » € N and k = 0.

n 32n+l + 3_2n+1 + 1
i.e. a, —1)= forany n € Nand n = 0.
g( k=D 343141 Y

Challenging Question (d). Using (b),(c),
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